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Starting from a Lagrangian, the electromagnetic field is quantized in the presence of a body
rotating along its axis of symmetry. Response functions and fluctuation-dissipation relations are
obtained. A general formula for rotational friction and power radiated by a rotating dielectric
body is obtained in terms of the dyadic Green’s tensor. Hamiltonian is determined and possible
generalizations are discussed. As an example, the rotational friction and power radiated by a
spherical dielectric in the vicinity of a semi-infinite dielectric plane is obtained and discussed in
some limiting cases.
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I. INTRODUCTION
A real physical system, whether classical or quantum, cannot be isolated from its surroundings. There are a wide
range of physical problems described by a quantum field theory which has to be considered in the presence of a matter
field. These matter fields are usually described by some bosonic or fermionic fields. For example, in quantum optics
there are situations where the electromagnetic field should be quantized in the presence of a linear magnetodielectric
medium [1–10] or in calculating the static and dynamical Casimir forces [12–22]. In these cases, the matter field should
be included directly into the process of quantization in order to have a consistent formulation of the theory. There are
two important situations corresponding to fixed and time-varying boundary conditions. For example electromagnetic
field quantization in the presence of some static dielectrics is a problem with fixed boundary conditions leading to
Casimir energy between fixed objects. As an example of a time-varying boundary condition we can consider the
electromagnetic field quantization in the presence of a moving dielectric [23] or a scalar field constrained by Dirichlet
boundary conditions on a moving boundary [24] or electromagnetic field in the presence of rotating objects [25–28].
An important class of field theories with a time-varying boundary conditions are dynamical Casimir effects [18].
Accelerated neutral objects are known to produce so called Casimir radiation by dynamical changes in the boundary
conditions of the electromagnetic field associated to photon states [14, 19].
The classical counterpart of this phenomenon is known as superradiance considered by Zeldovich [25] where he
argues that a rotating object amplifies certain incident waves and when quantum mechanical considerations are
applied, the object should spontaneously emit photons for some modes. Indeed this is shown to be the case for a
rotating black hole by Unruh [29].
The aim of the present paper is to investigate the electromagnetic field quantization in the presence of a dielectric
body rotating along its axis of symmetry by generalizing the the ideas introduced in [2] in order to study quantum
friction and amplifying ideas from a microscopic point of view beginning from a Lagrangian. For this purpose, we begin
from a Lagrangian describing the whole system by modelling the medium with a continuum of harmonic oscillators [2]
and follow a systematic approach based on canonical quantization of the whole system. In fact this is a generalization
of the scheme introduced in [9, 10] for electromagnetic field quantization in the presence of a magnetodielectric medium
(see Appendix for a brief review). General formulas for rotational friction and power radiated by a rotating body are
obtained and in the case of small angular velocity or small radius of a dielectric sphere it is shown that the results
coincide with those reported in [27]. As an example, the rotational friction and power radiated by a small spherical
dielectric are obtained in the vicinity of a semi-infinite dielectric plane and limiting cases are discussed. Here for
convenience we consider the matter field to be non-relativistic although generalization to a full covariant theory [30]
and including magnetic properties is straightforward along the ideas introduced in [9, 10, 12, 30] and may be dealt
with in a separate work.
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2II. LAGRANGIAN
The coordinate-derivative transformations in rotating and fixed cylindrical reference systems are related by
ρ′ = ρ, ϕ′ = ϕ− ω0t, z′ = z, t′ = t,
∂ρ′ = ∂ρ, ∂ϕ′ = ∂ϕ, ∂z′ = ∂z, ∂t′ = ∂t + ω0∂ϕ, (1)
here prime over coordinates denotes the rotating or body frame. A moving dipole produces magnetic moment which
can interact with the magnetic component of the the electromagnetic field. Taking this point into account and using
the transformations (1) we can propose a Lagrangian in the fixed frame based on the Lagrangian structure in the
body frame of the dielectric. Here we consider the non relativistic regime and for further convenience we assume that
the dielectric is homogeneous in its rest frame. A full covariant theory including magnetic properties is also possible
and may be dealt with in a separate work. Now let us consider the following Lagrangian for electromagnetic field in
the presence of a dielectric rotating along its axis of symmetry namely z-axis with angular velocity ω0
L =
1
2
0 (∂tA)
2 − 1
2µ0
(∇×A)2 + 1
2
∫ ∞
0
dν [(∂tX + ω0∂ϕX)
2 − ν2X2]
− 0
∫ ∞
0
dν fij(ν, t)X
j∂tAi + 0
∫ ∞
0
dν fij(ν, t)X
j(v ×∇×A)i. (2)
The first term is the Lagrangian of the electromagnetic field in temporal gauge (A0 = 0). Note that in the Lab or
fixed frame the electromagnetic field is a non rotating field and therefore, no modification is needed, the second term
is the Lagrangian of the rotating dielectric which is modified trough the transformations (1), the third and forth
terms are the interaction between the dielectric and electromagnetic field inspired from electric (−P ·E) and magnetic
(−M ·B) dipole interactions respectively. The local velocity v = ω0 × r is the velocity of a point with position r in
the dielectric at time t which is assumed to be non relativistic i.e |v|  c. Note that in the third and forth terms
the components of the dielectric field Xj should be written in the fixed frame which is equivalent to considering a
time-dependent coupling tensor fij(ν, t) defined by
fij(ν, t) =
 fxx(ν) cos(ω0t) fxx(ν) sin(ω0t) 0−fyy(ν) sin(ω0t) fyy(ν) cos(ω0t) 0
0 0 fzz(ν)
 . (3)
In the body frame ω0 = 0 and the coupling tensor is diagonal and also in this frame we assume fxx(ν) = fyy(ν).
Here we are considering homogeneous matter so the coupling tensor inside the matter is position independent and it
is identically zero outside.
III. QUANTIZATION AND EQUATIONS OF MOTION
From Lagrangian (2) we find the corresponding conjugate momenta of the fields as
Πi(r, t) =
∂L
∂(∂tAi)
= −0Ei − Pi = −Di(r, t), (4)
Qi =
∂L
∂(∂tXi)
= ∂tXi + ω0 ∂ϕXi, (5)
where we have defined the polarization component Pi(r, t) = 0
∫∞
0
dνfij(ν, t)X
j(r, t, ν) and D is the displacement
vector. The system is quantized by imposing equal-time commutation relations
[Ai(r, t),Πj(r
′, t)] = i~ δij δ(r− r′), (6)
[Xi(r, t, ν), Qj(r
′, t, ν′)] = i~ δij δ(r− r′)δ(ν − ν′). (7)
Now from Euler-Lagrange equations we find the equations of motion for the electromagnetic and matter fields respec-
tively as
1
c2
∂2tA +∇×∇×A = µ0[∂tP−∇×(v ×P)], (8)
3and
∂2tXi + 2ω0 ∂t∂ϕXi + ω
2
0∂
2
ϕXi + ν
2Xi = −0fji(ν, t) [∂tA− v × (∇×A)]j ,
= −0fji(ν, t) (DtA)j , (9)
where Dt = ∂t − v ×∇×·, is defined for notational convenience. The equation (8) in space-frequency is written as
− ω
2
c2
A +∇×∇×A = −iωµ0[P + 1
iω
∇×(v ×P)] = −iωµ0D˜P, (10)
where D˜ = 1+ 1iω∇×(v×·) [28]. By making use of the azimuthal symmetry we can expand the matter field components
as
Xj(r, t, ν) =
∑
m
Xj,m(ρ, z, t, ν)e
imϕ. (11)
Inserting (11) into (9) leads to
∂2tXj,m + 2imω0 ∂tXj,m + (ν
2 −m2ω20)Xj,m = −0fij(ν, t) (DtA)i,m, (12)
with the formal solution
Xj,m(ρ, z, t, ν) = X
N
j,m(ρ, z, t, ν)− 0
∫
dt′G(t− t′,m, ν) fij(ν, t′) (Dt′A)i,m, (13)
where the Green’s function is given by
G(t− t′;m, ν) = eimω0(t−t′) sin[(ν(t− t
′)]
ν
θ(t− t′), (14)
and the homogeneous solution XNi,m, interpreted as a noise field, is
XNi,m(ρ, z, t, ν) = a
†
i,m(ρ, z, ν)e
i(ν−mω0)t + ai,−m(ρ, z, ν)e−i(ν+mω0)t. (15)
Now from (11) the noise field component XNi can be expanded in terms of the ladder operators in the body frame as
XNi (ρ, ϕ, z, ν, t) =
∑
m
[
eimϕei(ν−mω0)t a†i,m(ρ, z, ν) + e
−imϕe−i(ν−mω0)t ai,m(ρ, z, ν)
]
, (16)
and from canonical quantization rules (7) we find
[ai,m(ρ, z, ν), a
†
j,m′(ρ
′, z′, ν′)] =
~
4piν
δij δmm′δ(ν − ν′) δ(ρ− ρ
′)δ(z − z′)
ρ
. (17)
The Hamiltonian corresponding to to the noise field XN in the body frame is the thermal bath defined by
HB =
1
2
∫ ∞
0
dν
∫
dr [(∂tXν)
2 + ν2X2ν ],
=
∑
n,j
∫ ∞
0
dν
∫
ρdρdz ν2(aˆ†j,naˆj,n + aˆj,naˆ
†
j,n),
=
∑
n,j
∫ ∞
0
dν
∫
ρdρdz
~ν
2
(bˆ†j,nbˆj,n + bˆj,nbˆ
†
j,n), (18)
where in the last equality we have defined the normalized ladder operators bˆj,n(bˆ
†
j,n) =
√
2ν
~ aˆj,n(aˆ
†
j,n) to resemble a
continuum of independent quantum harmonic oscillators. From equilibrium quantum statistical mechanics we have
〈bˆ†i,mbˆj,n〉 = tr[ρˆ bˆ†i,mbˆj,n] = δijδmnδ(ν − ν′)
δ(ρ− ρ′)δ(z − z′)
2piρ
1
e
~ν
kT − 1 ,
〈bˆi,mbˆ†j,n〉 = tr[ρˆ bˆi,mbˆ†j,n] = δijδmnδ(ν − ν′)
δ(ρ− ρ′)δ(z − z′)
2piρ
e
~ν
kT
e
~ν
kT − 1 .
(19)
4Therefore, if the matter field or dielectric body is held in temperature T then
〈a†i,m(ρ, z, ν) aj,m′(ρ′, z′, ν′)〉T =
~
2ν
nT (ν) δmm′δij δ(ν − ν′) δ(ρ− ρ
′)δ(z − z′)
2piρ
, (20)
where nT (ω) = [exp(~ω/kT )−1]−1 is the thermal mean number of photons and we have switched to the non-normalized
operators. From (13) and definition of the polarization we have
Pk,m(ρ, z, t) = P
N
k,m(ρ, z, t)− 20
∫
dt′
∫ ∞
0
dν fkj(ν, t)fij(ν, t
′)G(t− t′;m, ν) (Dt′A)i,m, (21)
where PNk,m are the fluctuating or noise polarization components defined by
PNk (r, t) = 0
∫ ∞
0
dν fki(ν)X
N
i (r, ν, t). (22)
If we define the following response function
χeekj(t− t′,m) = 0
∫ ∞
0
dν G(t− t′;m, ν) fkl(ν, t)fjl(ν, t′), (23)
then using (3) we can easily find
χeezz(t− t′,m) = 0
∫ ∞
0
dν G(t− t′;m, ν) f2zz(ν),
χeexx(t− t′,m) = χeeyy(t− t′,m) = 0
∫ ∞
0
dν G(t− t′;m, ν) f2xx(ν) cos[ω0(t− t′)],
χeexy(t− t′,m) = −χeeyx(t− t′) = 0
∫ ∞
0
dν G(t− t′;m, ν) f2xx(ν) sin[ω0(t− t′)], (24)
with the following Fourier transforms
χeezz(ω,m) = 0
∫ ∞
0
dν
f2zz(ν)
ν2 − (ω −mω0)2 ,
χeexx(ω,m) = χ
ee
yy(ω,m) = 0
∫ ∞
0
dν
1
2
[
f2xx(ν)
ν2 − (ω+ −mω0)2 +
f2zz(ν)
ν2 − (ω− −mω0)2
]
,
χeexy(ω,m) = −χeeyx(ω,m) = 0
∫ ∞
0
dν
1
2i
[
f2xx(ν)
ν2 − (ω+ −mω0)2 −
f2zz(ν)
ν2 − (ω− −mω0)2
]
. (25)
where ω± = ω ± ω0. One can easily show that the response functions in the body frame denoted by χ0kj(ω) are given
by
χ0kk(ω) = 0
∫ ∞
0
dν
f2kk(ν)
ν2 − ω2 , (26)
and this recent relation leads to
f2kk(ν)
ν
=
2
pi0
Im[χ0kk(ν)]. (27)
Now using (25) one can find the relations between the response functions in body and Lab frames as
χeezz(ω,m) = χ
0
zz(ω −mω0),
χeexx(ω,m) = χ
ee
yy(ω,m) =
1
2
[χ0xx(ω+ −mω0) + χ0xx(ω− −mω0)],
χeexy(ω,m) = −χeeyx(ω,m) =
1
2i
[χ0xx(ω+ −mω0)− χ0xx(ω− −mω0)]. (28)
5Also from (21,25) we find
Pz(ρ, ϕ, z, ω) = P
N
z (ρ, ϕ, z, ω) + 0 χ
ee
zz(ω,−i∂ϕ) (DE)z,
Px(ρ, ϕ, z, ω) = P
N
x (ρ, ϕ, z, ω) + 0 χ
ee
xx(ω,−i∂ϕ)(DE)x + χeexy(ω,−i∂ϕ)(DE)y,
Py(ρ, ϕ, z, ω) = P
N
y (ρ, ϕ, z, ω) + 0 χ
ee
yx(ω,−i∂ϕ)(DE)x + χeeyy(ω,−i∂ϕ)(DE)y, (29)
or in compact form
P(r, ω) = PN (r, ω) + 0 χ
ee(ω,−i∂ϕ) · DE. (30)
From (29,30) we finally find [28]{
∇×∇× − ω
2
c2
I− ω
2
c2
D˜ · χee(ω,−i∂ϕ) · D
}
·E = µ0ω2D˜PN . (31)
The presence of operators D, D˜ in (31) makes it a complicated equation. For small velocity regime (v/c  1) we
can set approximately D, D˜ ≈ 1 and in this case the corresponding dyadic Green’s function may be obtained exactly
otherwise a perturbative expansion of the dyadic Green’s function may be useful [31]. In high velocity regime numerical
calculations may be applied.
IV. FLUCTUATION-DISSIPATION RELATIONS
From the definition of polarization and (15) we have
PNi,m(ρ, z, t) = 0
∫ ∞
0
dν fij(ν, t)X
N
j,m(ρ, z, t, ν)
= 0
∫ ∞
0
dν fij(ν, t)
[
a†j,m(ρ, z, ν)e
i(ν−mω0)t + aj,−m(ρ, z, ν) e−i(ν+mω0)t
]
, (32)
with Fourier transform
PNi,m(ρ, z, ω) = 2pi0fij(mω0 − ω) a†j,m(ρ, z,mω0 − ω) + 2pi0fij(ω −mω0) aj,m(ρ, z, ω −mω0). (33)
If the dielectric is held in temperature T , then from (20, 33) we find the following fluctuation-dissipation relations
〈PNz (r, ω)PN†z (r′, ω′)〉 = ~0
∑
m
eim(ϕ−ϕ
′)Γzz(ω,m) δ(ω − ω′) δ(ρ− ρ
′)δ(z − z′)
ρ
,
〈PNx (r, ω)PN†x (r′, ω′)〉 = 〈PNy (r, ω)PN†y (r′, ω′)〉
= ~0
∑
m
eim(ϕ−ϕ
′)Γxx(ω,m) δ(ω − ω′) δ(ρ− ρ
′)δ(z − z′)
ρ
,
〈PNx (r, ω)PN†y (r′, ω′)〉 = −〈PNy (r, ω)PN†x (r′, ω′)〉
= ~0
∑
m
eim(ϕ−ϕ
′)Γxy(ω,m) δ(ω − ω′) δ(ρ− ρ
′)δ(z − z′)
ρ
,
(34)
where Γij is defined by
Γzz(ω,m) = 2Im[χ
0
zz(mω0 − ω)]aT (mω0 − ω),
Γxx(ω,m) = Γyy(ω,m)
= Im[χ0xx(mω0 − ω+)]aT (mω0 − ω+) + Im[χ0xx(mω0 − ω−)]aT (mω0 − ω−),
Γxy(ω,m) = iIm[χ
0
xx(mω0 − ω−)]aT (mω0 − ω−)− Im[χ0xx(mω0 − ω+)]aT (mω0 − ω+),
Γxz = Γzx = Γyz = Γzy = 0, (35)
and aT (ω) = coth(~ω/2kBT ) = 2[nT (ω) + 12 ]. Using (33) one can rewrite (32) as
〈PNi (r, ω)PN†j (r′, ω′)〉 = 4pi0~Γij(ω,−i∂ϕ) δ(r− r′)δ(ω − ω′). (36)
6V. THE HAMILTONIAN
From canonical conjugate momenta defined in (4,5) we find the following Hamiltonian for the total system
H =
∫
V
dr
{
1
20
(P−D)2 + 1
2µ0
(∇×A)2 + 1
2
∫ ∞
0
dν [Q2ν + ν
2X2ν ]
− ω0
∫ ∞
0
dνQν · ∂ϕXν −P · (v ×∇×A)
}
, (37)
where V is the volume of the dielectric. In Hamiltonian (37) the first three terms are describing the electromagnetic
field quantization in the presence of a non rotating dielectric i.e., ω0 = 0 and the last two terms are the modifications
caused from rotation. The total interaction between electromagnetic field and the rotating body is
Hint = −
∫
Vs
dr[P(r, t) ·E(r, t) + P(r, t) · (v ×∇×A(r, t))],
= −
∫
V
dr[P(r, t) · (E(r, t) + v ×B(r, t))]. (38)
The rate of work done on the differential volume dr in the dielectric by the electromagnetic field is j · (E + v×B) dr,
where j is the current density in matter which from (8) is j = ∂tP−∇×(v ×P), therefore the power can be written
as
〈P〉 = −
∫
V
dr〈(∂tP−∇×(v ×P)) · (E + v ×B)〉, (39)
where |〉 = |vacuum〉T0 ⊗ |matter〉T is the tensor product of initial thermal states of the electromagnetic and matter
fields which are supposed to be held at temperatures T0 and T respectively. The expression for radiated power can be
simplified for small bodies or small velocities where we can ignore terms containing the velocity v and rewrite (39) as
〈P〉 = −
∫
Vs
dr〈∂tP ·E〉. (40)
For point like particles we have D, D˜ ≈ 1 and from (30,31) we find
Ei(r, ω) = E0,i(r, ω) + µ0ω
2
∫
dr′G0,ij(r, r′, ω)PNj (r
′, ω),
Pi(r, ω) = P
N
i (r, ω) + 0χ
ee
ij (ω,−i∂ϕ)ENj (r′, ω). (41)
If we take the inverse Fourier transform of the second parts of the equations (41) and denote them respectively by
Eind and Pind as in [27], then
〈P〉 = −
∫
V
dr〈∂tPN ·Eind + ∂tPind ·E0〉. (42)
This recent relation applied in [27] to find the radiated power from a rotating spherical particle and then the authors
reobtained the same results from quantum mechanical considerations. For an extended object, the situation is much
more complicated. In this case we need the dyadic Green’s function and also we should keep all terms in (39). One can
follow a perturbative approach based on the interaction term given in (38) and Dyson-Schwinger formula for Green’s
function expansion from which for example the radiative process can be determined using Fermi’s golden rule. For
an extended body with azimuthal symmetry and small angular velocity from (40) we have
〈P〉 =
∫
V
dr
∫ ∫ ∞
−∞
dω
2pi
dω′
2pi
e−i(ω+ω
′)t(iω)〈P(r, ω) ·E(r, ω′)〉, (43)
using (30,31) we find
〈P〉 =
∫
V
dr
∫ ∫ ∞
−∞
dω
2pi
dω′
2pi
e−i(ω+ω
′)t(iω)
[
µ0ω
′ 2
∫
V
dr′
Gij(r, r
′, ω′)〈Pi(r, ω)Pj(r′, ω′)〉+ 0χeeij (ω,−i∂ϕ)〈Ej(r, ω)Ei(r′, ω′)〉|r′→r
]
.
(44)
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FIG. 1: (Color online) A rotating sphere in the vicinity of a semi-infinite homogeneous and isotropic matter
Now using (34) and
〈Ej(r, ω)Ei(r′, ω′)〉 = 2~ω
2
0c2
ImGji(r, r
′, ω) δ(ω + ω′) aT0(ω), (45)
we find the following general formula in terms of the dyadic Green’s tensor
〈P〉 = ~
2pic2
∫
V
dr
∫ ∞
0
dω ω3[aT (ω − ω0 lˆz)− aT0(ω)]
[
2Imχ0zz(ω − ω0 lˆz)ImGzz(r, r′, ω)
+ Imχ0xx(ω − ω0 lˆz)[ImGxx(r, r′, ω) + ImGyy(r, r′, ω)] cos(ϕ− ϕ′)|
]
r′→r
,
(46)
where lˆz = −i∂ϕ, and we have used the symmetry properties of tensors Gij(r, r′, ω) and Γij(ω,−i∂ϕ). For a small
rotating body using Imαij(ω) = V Imχ
0
ij(ω), (46) can be rewritten as
〈P〉 = ~
2pic2
∫ ∞
0
dω ω3
[[
2Imαzz(ω)ImGzz(ω)
]
[aT (ω)− aT0(ω)]
+[ImGxx(ω) + ImGyy(ω)]
[
Imαxx(ω−)[aT (ω−)− aT0(ω)] + Imαxx(ω+)[aT (ω+)− aT0(ω)]
]]
,
(47)
where by Gii(ω) we mean Gii(r0, r0, ω) and r0 is the position of the point-like spinning body.
Example 1. As an example let us consider a small rotating dielectric with the susceptibility χ(ω) and angular velocity
ω0 in the vicinity of a semi-infinite dielectric with dielectric function
ε(r, ω) =
{
ε(ω) z 6 0
1 z > 0,
(48)
see Fig.1. A related problem with the same geometry has been investigated in [32]. The diadic Green’s function for
8this geometry has been calculated in detail in [33]. The necessary components are given by
Gxx(r, r
′, ω) =
∫ ∞
0
d2k‖
(2pi)2
eik‖.(r‖−r
′
‖)
[k2x
k2‖
gxx(k‖, ω|z, z′) +
k2y
k2‖
gyy(k‖, ω|z, z′)
]
(49)
Gyy(r, r
′, ω) =
∫ ∞
0
d2k‖
(2pi)2
eik‖.(r‖−r
′
‖)
[k2y
k2‖
gxx(k‖, ω|z, z′) + k
2
x
k2‖
gyy(k‖, ω|z, z′)
]
Gzz(r, r
′, ω) =
∫ ∞
0
d2k‖
(2pi)2
eik‖.(r‖−r
′
‖) gzz(k‖, ω|z, z′)
where
gxx(k‖, ω|z, z′) = −2piikc
2
ω2
[k1 + ε(ω)k
k1 − ε(ω)k e
ik(z+z′) + eik|z−z
′|] (50)
gyy(k‖, ω|z, z′) = 2pii
k
[k1 + k
k1 − k e
ik(z+z′) − eik|z−z′|]
gzz(k‖, ω|z, z′) =
2piik2‖c
2
kω2
[k1 + ε(ω)k
k1 − ε(ω)k e
ik(z+z′) − eik|z−z′|]+ 4pic2
ω2
δ(z − z′)
and k = (ω
2
c2 − k2‖)
1
2 , k1 = −( ε(ω)ω
2
c2 − k2‖)
1
2 . An interesting limiting case is when ε(ω) → ∞ for z < 0, i.e., the
semi-infinite space is an ideal conductor. In this case, we can easily find the imaginary parts of gxx(k‖, ω|z, z′),
gyy(k‖, ω|z, z′) and gzz(k‖, ω|z, z′) for r→ r′, as
Im gxx(k‖, ω|z, z) = −2pikc
2
ω2
[1− cos(2kz)] (51)
Im gyy(k‖, ω|z, z) = −2pi
k
[1− cos(2kz)]
Im gzz(k‖, ω|z, z) = −
2pik2‖c
2
kω2
[1 + cos(2kz)]
The dielectric function of metals can be described approximately by Drude model in term of the dc conductivity σ0
as
(ω) ≈ 4piσ0
ω
, (52)
and using the small radius expansion of the Mie scattering coefficient (a/λ 1), we find
α(ω) ≈ a3 (ω)− 1
(ω) + 2
, (53)
where a is the radius of the rotating sphere. In Fig.2, the radiated power is depicted in terms of the distance from
the surface of an ideal metal for a gold nano-particle which tends to the result reported in [27] in z →∞ as expected.
We can also plot the power spectrum of the rotating particle showing the probability of emitting photons at a specific
frequency ω and compare the results for the case of semi-infinite space and vacuum. Power spectrum contains thermal
photons and photons created from rotational motion. In Fig.3, the power spectrums are compared when the thermal
photons are extremely more than the photons created from rotational motion of the sphere. In Fig.4, conditions are
taken to reduce the thermal photons and increase the photons created from rotational motion.
VI. FRICTIONAL TORQUE
The torque produced by an electric field E on a dipole P is given by P×E. The torque experienced by the particle
along the rotation axis zˆ is
M =
∫
V
dr〈p(t)×E(r0, t)〉 · zˆ. (54)
9FIG. 2: (Color online) The radiation power for a gold nano-particle with a = 10nm and (σ0 ≈ 1.6 × 107Ω1m−1). The
temperatures of the particle and its medium are assumed to be 10 Kelvin and 1 kelvin respectively. The solid line is the
radiated power in the presence of a semi-infinite space and the dashed line in vacuum i.e., the result reported in [27].
By separating the two contributions we can rewrite this recent relation as
M =
∫
V
dr〈pN (t)×Eind(r0, t) + pind(t)×EN (r0, t)〉.zˆ (55)
= MP + ME
The first term accounts for the fluctuations of the particle dipole moment that correlates with the resulting induced
field, while the second one involves field fluctuations and the dipole that they have induced. therefore,
MP =
∫
V
dr〈pN (t)×Eind(r0, t)〉, (56)
and using (41) we find
MP =
iµ0
8pi2
∫
V
dr
∫
dr′
∫ +∞
−∞
dω
∫ +∞
−∞
dω′ω2e−i(ω+ω
′)
[
Gyy(r, r
′, ω)〈PNx (r, ω)PNy (r′, ω′)〉
− Gyz(r, r′, ω)〈PNx (r, ω)PNz (r′, ω′)〉 −Gxx(r, r′, ω′)〈PNy (r, ω)PNx (r′, ω′)〉
− Gxz(r, r′, ω)〈PNy (r, ω)PNz (r′, ω′)〉
]
. (57)
Now using (3,30), the dipole densities in laboratory-frame P can be written in terms of the dipole densities in the
body frame P′. For example for the x-component we find
PNx,m(ρ, z, t) = 0
∫ ∞
0
dν
[
fxx(ν, t) cos(ω0t)X
N
x,m(ρ, z, t, ν) + fxx(ν, t) sin(ω0t)X
N
y,m(ρ, z, t, ν)
]
=
0
2
∫ ∞
0
dν
[
fxx(ν, t)
[
(a†x,m(ρ, z, ν)e
i(ν−mω0+ω0)t + a†x,m(ρ, z, ν)e
i(ν−mω0−ω0)t
+ ax,−m(ρ, z, ν) e−i(ν+mω0−ω0)t + ax,−m(ρ, z, ν) e−i(ν+mω0+ω0)t)
]
− ifxx(ν, t)
[
(a†y,m(ρ, z, ν)e
i(ν−mω0+ω0)t − a†y,m(ρ, z, ν)ei(ν−mω0−ω0)t
+ ay,−m(ρ, z, ν) e−i(ν+mω0−ω0)t − ay,−m(ρ, z, ν) e−i(ν+mω0+ω0)t)
]]
. (58)
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FIG. 3: (Color online) The power spectrum d〈P〉
dω
radiated by a spinning particle at T = 0 and T0 = 0.1K, where θ =
KBT
~ .
The solid lines in both figures (a) and (b) represent the power spectrum in the presence of semi-infinite medium and the dashed
lines represent the power spectrum in empty space. As we saw in figure(2), the radiation power of the spinning particle in
a semi-infinite space oscillates around its value in vacuum as z increases. Figs.3.(a,b) are obtained by setting z = 0.01 and
z = 0.1, respectively
FIG. 4: (Color online) Figure (a):The power spectrum d〈P〉
dω
radiated by a spinning particle at T = 100 and T0 = 100K. The
solid lines represent the power spectrum in the presence of the semi-infinite space and the dashed lines represent the power
spectrum in empty space. Here we have set T = T0, to decrease the number of thermal photons. Figure (b) represents the
maximum amount of the power spectrum in the presence of the semi-infinite space with respect to the distance from the surface.
After some simple algebra and using Fourier transform, it can be easily shown that the dipole moment components
in Lab and body frames are related as
Px(ω) =
1
2
[P′x(ω+) + iP
′
y(ω+) + P
′
x(ω−)− iP′y(ω−)] (59)
Py(ω) =
1
2
[−iP′x(ω+) + P′y(ω+) + iP′x(ω−) + P′y(ω−)] (60)
Pz(ω) = P
′
z(ω). (61)
The expression for rotational torque can be simplified for small rotating bodies
MP =
iµ0
8pi2
∫
V
dr
∫
dr′
∫ +∞
−∞
dω
∫ +∞
−∞
dω′ω2e−i(ω+ω
′)
[
Gyy(r, r
′, ω)
[〈PNx (r, ω′+)PNx (r′, ω−)〉
− 〈PNx (r, ω′−)PNx (r′, ω+)〉
]−Gxx(r, r′, ω)[〈PNy (r, ω′−)PNy (r′, ω+)〉
− 〈PNy (r, ω′+)PNy (r′, ω−)〉
]]
, (62)
using (35,36) we find
MP =
~
2pic2
∫ ∞
0
dωω2Im[Gxx(ω) +Gyy(ω)]
[
Im [α(ω+)]aT (ω+)− Im[α(ω−)]aT (ω−)
]
, (63)
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in a similar way
ME =
~
2pic2
∫ ∞
0
dωω2Im [Gxx(ω) +Gyy(ω)] [Im [α(ω−)]− Im [α(ω+)]aT0(ω), (64)
therefore,
M =
~
2pic2
∫ ∞
0
dωω2Im [Gxx(ω) +Gyy(ω)]
[
Im [α(ω+)][aT (ω+)− aT0(ω)]
−Im [α(ω−)][aT (ω−)− aT0(ω)]
]
, (65)
which coincides with the result obtained in [27] for a small spherical body.
VII. CONCLUSIONS
Starting from a Lagrangian, the electromagnetic field was quantized in the presence of a body rotating along its
axis of symmetry. Response functions, fluctuation-dissipation relations and their connections in body and Lab frames
were obtained. A general formula for rotational friction and power radiated by a rotating dielectric body was obtained
in terms of the dyadic Green’s tensor of the problem. Hamiltonian was determined and possible generalizations were
discussed. The case of a small rotating sphere in the vicinity of a semi-infinite space was considered and the rotational
friction, radiation power and power spectrum of the rotating sphere were plotted and results compared with those
obtained in empty space. The radiation power in semi-infinite space oscillates around the value in vacuum as a result
of Interference between the emitted and reflected photons from the surface of the metal.
Appendix A: Electromagnetic field quantization in a static magnetodielectric medium
According to Huttner-Barnett model [2], electromagnetic field quantization in the presence of a linear dielectric and
in the absence of external charge and currents can be achieved by considering the total Lagrangian density as
L =
1
2
0(−∇U − ∂A
∂t
)2 − 1
2µ0
(∇×A)2
+
1
2
∫ ∞
0
dν (ρ(
∂Yν
∂t
)2 − ρν2(Yν)2)
+
1
2
ρ(
∂X
∂t
)2 − 1
2
ρν2(X)2
− α(A · ∂X
∂t
+ U∇ ·X)−
∫ ∞
0
dνX · ∂Yν
∂t
, (A1)
where the first term is the Lagrangian density of the electromagnetic field, the second therm describes the reservoir
or dielectric described by a continuum of harmonic oscillators, the third term is the lagrangian density for the
polarization of the medium and the last term describes the interaction between polarization of the medium with
electromagnetic field and reservoir respectively. Note that in this model we have to introduce two matter fields to
model the polarization and dissipative effects and if we want to include the magnetic properties of the medium we
have to introduce two other independent fields which is a generalization of the Huttner-Barnett model introduced
in [12]. Equivalently, we can also quantize the electromagnetic field in a linear medium using only two independent
fields describing the electric and magnetic properties of the medium. Here we follow the latter approach [34] and for
simplicity we assume the medium to be isotropic and homogeneous in region Ω occupied by matter. The Lagrangian
density for the total system in temporal gauge (A0 = 0) is given by,
L =
1
2
0 (∂tA)
2 − 1
2µ0
(∇×A)2 + 1
2
∫ ∞
0
dν [(∂tXν)
2 − ν2X2ν ]
+
1
2
∫ ∞
0
dν [(∂tYν)
2 − ν2Y2ν ]− 0
∫ ∞
0
dν f(ν, r)Xν · ∂A
∂t
+
1
µ0
∫ ∞
0
dν g(ν, r)Yν · ∇×A. (A2)
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From this Lagrangian density the electric polarization (P) and magnetic polarization (M) densities are defined by
P = 0
∫ ∞
0
dν f(ν, r)Xν (A3)
M =
1
µ0
∫ ∞
0
dν g(ν, r)Yν . (A4)
The conjugate momenta are also defined by
Π(r, t) =
∂L
∂(∂tA)
= 0 (∂tA)−P = −D, (A5)
Qν =
∂L
∂(∂tXν)
= ∂tXν , (A6)
Sν =
∂L
∂(∂tYν)
= ∂tYν , (A7)
where D is the displacement field. Now the total system can be quantized by imposing equal-time commutation
relations
[Ai(r, t),Πj(r
′, t)] = i~ δij δ(r− r′), (A8)
[Xν,i(r, t, ν), Qν′,j(r
′, t, ν′)] = i~ δij δ(r− r′)δ(ν − ν′), (A9)
[Yν,i(r, t, ν), Sν′,j(r
′, t, ν′)] = i~ δij δ(r− r′)δ(ν − ν′). (A10)
From Lagrangian density (2) we have
∂L
∂A
= − 1
µ0
∇×∇×A +∇×M, (A11)
∂L
∂Xν
= −ν2Xν − 0 f(ν, r)∂A
∂t
(A12)
∂L
∂Yν
= −ν2Xν + 1
µ0
g(ν, r)∇×A. (A13)
From equations (5-7) and (11-13) and Euler-Lagrange equations we find the following equations of motion for the
electromagnetic and material fields
1
c2
∂t
2A +∇×∇×A = µ0(∂tP +∇×M), (A14)
∂t
2Xν + ν
2Xν = −0 f(ν, r) ∂tA, (A15)
∂t
2Yν + ν
2Yν =
1
µ0
g(ν, r)∇×A. (A16)
In frequency space Eqs.(15,16) can be solved easily as
Xν(r, ω) = X
N
ν (r, ω) +
0f(ν, r)
ν2 − ω2 E(r, ω), (A17)
Yν(r, ω) = Y
N
ν (r, ω) +
1
µ0
g(ν, r)
ν2 − ω2 B(r, ω), (A18)
where XNν and Y
N
ν are homogeneous or noise solutions in frequency space and from them the noise or fluctuating
polarization densities can be determined using Eqs.(3,4). Therefore,
P(r, ω) = PN (r, ω) + 20
∫ ∞
0
dν
f2(ν, r)
ν2 − ω2 E(r, ω),
= PN (r, ω) + 0χe(r, ω) E(r, ω), (A19)
M(r, ω) = MN (r, ω) +
1
µ20
∫ ∞
0
dν
g2(ν, r)
ν2 − ω2 B(r, ω),
= MN (r, ω) +
1
µ0
χm(r, ω) B(r, ω), (A20)
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where
χe(r, ω) = 0
∫ ∞
0
dν
f2(ν, r)
ν2 − ω2 − i0+ , (A21)
χm(r, ω) =
1
µ0
∫ ∞
0
dν
g2(ν, r)
ν2 − ω2 − i0+ , (A22)
are electric and magnetic susceptibilities respectively and satisfy Kramers-Kronig relations [34]. The electric permit-
tivity and inverse magnetic permeability of the medium are also defined by
(r, ω) = 1 + χe(r, ω), (A23)
κm(r, ω) = 1− χm(r, ω), (A24)
respectively. If we are given definite electric permittivity and inverse magnetic permeability of the medium then we
can inverse Eqs.(21,22) and find the corresponding coupling functions as [34]
f(ω) =
√
20ω
pi
Im[χe(ω)], (A25)
g(ω) =
√
2ω
piµ0
Im[χm(ω)]. (A26)
By inserting Eqs.(19,20) into Eq.(14) we find
∇×(κm∇×A)− ω
2
c2
A = −iω µ0 PN + µ0∇×MN = ξN (r, ω), (A27)
with the formal solution
Ai(r, ω) = A
H
i (r, t) +
∫
Ω
dr′Gij(r, r′, ω) ξNj (r
′, ω), (A28)
where AH is the homogeneous solution and Gij(r, r
′, ω) is the dyadic Green’s tensor which satisfies the equation
[∇×(κm∇×.)− ω2
c2

] ·G = δ(r− r′) I, (A29)
and fulfils all boundary conditions of the problem. This boundary conditions will be imposed by continuity of
tangential and normal components of electric and magnetic fields respectively.
1. Hamiltonian
From conjugate momenta (5-7) we find the Hamiltonian density as
H = Π · ∂tA +
∫ ∞
0
dνQν · ∂tXν +
∫ ∞
0
dν Sν · ∂tYν −L ,
=
(Π + P)2
20
+
1
2µ0
(∇×A)2 + 1
2
∫ ∞
0
dν
[
Q2ν + ν
2X2ν
]
+
1
2
∫ ∞
0
dν
[
S2ν + ν
2Y2ν
]−M · ∇×A. (A30)
And equivalently we find the equations of motion for electromagnetic and material fields from Hamiltonian H =∫
drH as [9]
i~ ∂tA = [A, H]→ D = P + 0E, (A31)
i~ ∂tΠ = [Π, H]→ ∇×B = µ0 ∂tD + µ0∇×M. (A32)
From Eq.(32) we find ∇ ·D = 0, (no external charges) and H = 1µ0 B−M, [9].
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